Dynamic thermal model for proton-exchange membrane fuel cell by Mohamed Idres, Moumen & Kafafy, Raed
INTERNATIONAL CONFERENCE ON SUSTAINABLE MOBILITY 2010 
1st - 3rd December 2010 
Kuala Lumpur, Malaysia 
1 
 
Dynamic Thermal Model for Proton-Exchange Membrane Fuel Cell 
M. Idres1 and R. Kafafy1 
 
1Department of Mechanical Engineering 
Faculty of Engineering 
International Islamic University Malaysia, Jalan Gombak, 53100 Kuala Lumpur, Malaysia 
midres@iium.edu.my 
  
 
ABSTRACT 
In this paper, a mathematical model is developed 
to simulate the transient phenomena in a polymer  
electrolyte membrane fuel cell (PEMFC) system. 
Large transient changes are expected for practical 
application such as transportation vehicles due to 
acceleration and deceleration. Simple models are 
usually unable to capture these transient 
dynamics. For control purposes, a fuel cell model 
must include the dynamics of flow and pressure in 
the anode and cathode channels and mass/heat 
transfer transients. The proposed model can 
predict the transient response of cell voltage, 
temperature of the cell, hydrogen/oxygen out flow 
rates and cathode and anode channel pressures 
under sudden change in load current. It is 
implemented in SIMULINK environment. The 
model is tested by simulating a transportation-size 
fuel cell with 85 kW maximum power output. 
Results for maximum power and multi-step input 
current that simulate start up-shut down cycle are 
shown. The predicted power, pressure and 
temperature are matching the published data for 
the fuel cell. The model will be very useful for the 
optimal design and real-time control of PEM fuel 
cell systems in practical automotive or stationary 
applications. 
 
INTRODUCTION 
Since the introduction of PEM fuel cells as a 
power source, various modeling techniques at 
different levels of complexity have been used to 
model membrane electrode assembly (MEA). 
Mechanistic methods [1-3] are aimed at modeling 
multispecies diffusion in the diffusion layer of the 
electrode, the reaction kinetics in the catalyst 
layers, and proton and water transport through the 
membrane. These models are based on complex 
partial diferential equations and many physical 
parameters are needed before any solution is 
attempted, which reduces the scope of application 
of these models to small fuel cell systems. 
 
On the other hand, large fuel cell systems needs a 
less complicated model with fewer parameters. 
Empirical modeling by representing fuel cell 
voltage as a function of various fuel cell 
parameters is a reliable and computationally 
efficient method [4,5]. This method is based on  
benchmark experimental studies. 
 
Due to the need to hydrate membranes of the fuel 
cell, water is introduced into the cell by passing 
the reactants through humidifiers before entering 
the cell. Monitoring the hydration level of the 
membrane is an important issue that has to be 
considered. The dynamic modeling of fluid flow 
and heat transfer in the fuel cell is a crucial step in 
order to predict and control fuel cell performance. 
This is usually requires non-steady state and 
transient behaviors due to sudden load change.  
 
Many authors attempted developing a fuel cell 
system-level model [6-8]. Pukrushpan et al. [6] 
developed a constant temperature model that 
includes compressor, supply and return manifolds. 
Their model lacks heat transfer and thermal 
transients. Consideration of thermal transients was 
implemented by Xue et al. [7]. He applied his 
model to a small fuel cell sytem.  Cooling effects 
was implemented implicitly, i.e., heat transfer 
coefficients were assumed.  Vasu and Tangirala 
[8] developed an explicit cooling models, where 
the heat transfer coefficients can be calculated 
assuming cooling channels dimensions.  
INTERNATIONAL CONFERENCE ON SUSTAINABLE MOBILITY 2010 
1st - 3rd December 2010 
Kuala Lumpur, Malaysia 
2 
 
  
The goal of this study is to develop a control-
oriented system-level dynamic model of PEMFC 
that incorporates the temperature, gas flow, 
membrane hydration, inlet gas humidification 
effects, and cooling effects. The model is tested 
by modeling an 85 kW fuel cell. 
 
DYNAMIC MODELING APPROACH 
In this research, we develop a dynamic model of 
PEMFC using control volume approach with 
lumped parameters. The fuel cell model  is 
divided into five sub-models; namely, the anode 
channel, the cathode channel, membrane, thermal 
model, and voltage model. Hydrogen is 
humidified with water and then enters the anode 
channel. Part of the hydrogen and water vapor 
diffuse into the MEA, where the hydrogen 
dissociates into protons and electrons at the anode 
catalyst layer, while the water vapor diffuses 
through the anode electrode into the membrane 
and further diffuses into the cathode side through 
the membrane with the aid of protons. At the 
cathode side, the oxygen is humidified and enters 
the cathode channel. Part of the oxygen and vapor 
diffuse into the MEA where the oxygen 
dissociates and combines with the protons and 
electrons to form water at the cathode catalyst 
layer, and the remaining water diffuses either into 
the cathode channel or back into the anode 
channel.  
 
ANODE MODEL 
The mass conservation equations for the anode 
species are written as  
 
݀݉ுమ
݀ݐ ൌ ሶ݉ ுమ,௜௡ െ ሶ݉ ுమ,௢௨௧ െ ሶ݉ ுమ,௥௘௔௖௧௘ௗ (1)
 
݀݉ுమைೌ೙
݀ݐ ൌ ሶ݉ ுమை,௔௡,௜௡ – ሶ݉ ுమை,௠                   െ ሶ݉ ுమைሺ௩ሻ ೌ೙,೚ೠ೟ 
(2)
 
where the anode inlet mass flow rates are 
 
ሶ݉ ுమ,௜௡ ൌ ߣுమ ሶ݉ ுమ,௥௘௔௖௧௘ௗ (3)
 
ሶ݉ ுమை,௔௡,௜௡ ൌ ߗ௔௡,௜௡ ሶ݉ ுమ,௜௡ (4)
 
 
 
where ߣுమ is the hydrogen excess ratio, and  ߗ௔௡,௜௡ is the anode inlet flow humidity ratio. 
 
The reacted hydrogen rate is 
 
ሶ݉ ுమ,ೝ೐ೌ೎೟೐೏ ൌ ܯுమ݊௙௖ܫ௦௧/ሺ2ܨሻ (5)
where ܯுమ  is molecular masses of hydrogen and, 
nfc is the number of fuel cells, Ist is the stack 
current, and F is the faraday constant. The anode 
outlet mass flow rate is calculated from nozzle 
equation as 
ሶ݉ ௔௡,௢௨௧ ൌ ܿ௡௭௟,௔௡
݌௔௡
√ܶ ൬
݌௔௠௕
݌௔௡ ൰
భ
ം
 
ൈ ඨ 2ߛߛ െ 1 ሾ1 െ ൬
݌௔௠௕
݌௔௡ ൰
ംషభ
ം ሿ 
(6)
where ܿ௡௭௟,௔௡ is the anode nozzle constant, T is the 
stack temnperature, pan is the anode pressure, and 
pamb is the ambient pressure. The species at the 
outlet are determined by 
 
ሶ݉ ுమ,೚ೠ೟ ൌ ሶ݉ ௔௡,௢௨௧/ሺ1 ൅ ߗ௔௡ሻ (7)
 
ሶ݉ ுమைሺ௩ሻ ೌ೙,೚ೠ೟ ൌ ߗ௔௡ ሶ݉ ௔௡,௢௨௧/ሺ1 ൅ ߗ௔௡ሻ (8)
 
CATHODE MODEL 
 
The mass conservation equations for the cathode 
species are written as  
 
݀݉ைమ
݀ݐ ൌ ሶ݉ ைమ,௜௡ െ ሶ݉ ைమ,௢௨௧ െ ሶ݉ ைమ,௥௘௔௖௧௘ௗ (9)
 
݀݉ேమ
݀ݐ ൌ ሶ݉ ேమ,௜௡ െ ሶ݉ ேమ,௢௨௧ (10)
 
݀݉ுమை೎ೌ
݀ݐ ൌ ሶ݉ ுమை,௖௔,௜௡ ൅ ሶ݉ ுమை,௖௔,௚௘௡      
൅ ሶ݉ ுమை,௠ – ሶ݉ ுమைሺ௩ሻ,௖௔,௢௨௧ – ሶ݉ ுమைሺ௟ሻ,௖௔,௢௨௧ 
(11)
 
where the inlet mass flow rates are 
 
ሶ݉ ைమ,௜௡ ൌ ߣைమ ሶ݉ ைమ,௥௘௔௖௧௘ௗ (12)
 
ሶ݉ ேమ,௜௡ ൌ
1 െ ݔைమ
ݔைమ
ሶ݉ ைమ,௜௡ (13)
 
ሶ݉ ுమை,௖௔,௜௡ ൌ ߗ௖௔,௜௡ ሺ ሶ݉ ைమ,௜௡ ൅ ሶ݉ ேమ,௜௡ሻ (14)
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ሶ݉ ைమ,௜௡ ൌ ߣைమ ሶ݉ ைమ,௥௘௔௖௧௘ௗ (15)
 
where ݔைమ is the oxygen mass fraction in dry 
mixture,   ߣைమ is the oxygen excess ratio, and  ߗ௖௔,௜௡ is the cathode inlet flow humidity ratio. 
 
The reacted oxygen and generated water rates are 
 
ሶ݉ ைమ,௥௘௔௖௧௘ௗ ൌ ܯைమ݊௙௖ܫ௦௧/ሺ4ܨሻ (16)
 
ሶ݉ ுమை,௖௔,௚௘௡  ൌ ܯுమை݊௙௖ܫ௦௧/ሺ2ܨሻ (17)
 
where ܯைమ  and ܯுమை are molecular masses of 
oxygen and water, nfc is the number of fuel cells, 
Ist is the stack current, and F is the faraday 
constant. The cathode outlet mass flow rate is 
calculated from nozzle equation as 
 
ሶ݉ ௖௔,௢௨௧ ൌ ܿ௡௭௟,௖௔  
݌௖௔
√ܶ   ൬
݌௔௠௕
݌௖௔ ൰
భ
ം  
                              ൈ ඨ 2ߛߛ െ 1 ൥1 െ ൬
݌௔௠௕
݌௖௔ ൰
ംషభ
ം ൩ 
(18)
where ܿ௡௭௟,௖௔ is the cathode nozzle constant, T is 
the stack temnperature, pca is the cathode pressure 
pamb is the ambient pressure. The species at the 
outlet are determined by 
 
ሶ݉ ைమ,೚ೠ೟ ൌ ݔைమ ሶ݉ ௖௔,௢௨௧/ሺ1 ൅ ߗ௖௔ሻ (19)
 
ሶ݉ ேమ,೚ೠ೟ ൌ ݔேమ ሶ݉ ௖௔,௢௨௧/ሺ1 ൅ ߗ௖௔ሻ (20)
 
ሶ݉ ுమைሺ௩ሻ ೎ೌ,೚ೠ೟ ൌ ߗ௖௔ ሶ݉ ௖௔,௢௨௧/ሺ1 ൅ ߗ௖௔ሻ (21)
 
ሶ݉ ுమைሺ௟ሻ೎ೌ,೚ೠ೟
ൌ ൜ 0             ߶ ൏ 1max ሺ ሶ݉ ுమை,௖௔,௜௡ ൅ ሶ݉ ுమை,௖௔,௚௘௡             ߶ ൌ 1 
               ൅ ሶ݉ ுమை,௠௘௠  െ  ሶ݉ ுమைሺ௩ሻ,௖௔,௢௨௧ , 0ሻ 
(22)
 
where φ is the relative humidity. The details of the 
thermodynamics calculation are described in the 
Appendix. 
 
 
MEMBRANE MODEL 
 
This model calculates the rate of mass flow across 
the membrane. It is function of the stack current 
and relative humidity of the reactants in the anode 
and the cathode flow channels. Water transport is 
due to two effects, namely: (i) electro-osmotic 
drag where the water molecules are dragged from 
the anode to the cathode side by protons; (ii) back 
diffusion due to the concentration gradient of 
water across the membrane. The expressions are 
as follows: 
 
ሶ݉ ுమை,௠ ൌ ܯுమை ܣ௙௖݊௙௖ 
ൈ ൬݊ௗ݅ௗܨ  – ܦ௪
ܥ௩,௖௔ െ ܥ௩,௔௡
ݐ௠ ൰ 
(23)
 
where Afc is active cell area, nd is the electro-
osmotic drag coefficient, Dw is the water diffusion 
coefficient, Cv,an and Cv,ca are anode and cathode 
water concentrations. The details of membrane 
model are given in the Appendix. 
 
VOLTAGE MODEL 
 
The stack voltage is calculated as 
 
௦ܸ௧ ൌ ݊௙௖ܸ (24)
where  
 ܸ ൌ ܧ െ ௔ܸ௖௧ െ ௢ܸ௛௠ െ ௖ܸ௢௡௖ (25)
where E is the open-circuit voltage, Vact, Vohm and 
Vconc are the voltage drops due to activation loss, 
ohmic loss and concentration loss, respectively. 
Their empirical relations are listed in the 
Appendix.  
 
THERMAL MODEL 
Applying energy equation to the fuel cell stack, 
the following equation is obtained  
 
 
where mst is the stack mass, Cp,st is the stack 
specific heat,  ሶܳ ௥௘௔௖ is the rate of chemical energy 
of reaction, ∆ܪሶ௦௘௡௦ is the change in sensible 
enthalpy of flow, Pe is the electrical power output 
of the stack, and ሶܳ ு்  is the heat transfer from 
stack to surroundings and coolant. 
 
The heat of reaction is given by 
 
 
where ܳுమ,௅ு௏ is the lower heating value of 
hydrogen. 
݉௦௧ܥ௣,௦௧
݀ܶ
݀ݐ ൌ ሶܳ௥௘௔௖ ൅ ∆ܪሶ௦௘௡௦ െ ௘ܲ െ ሶܳு் (26)
ሶܳ ௥௘௔௖ ൌ ሶ݉ ுమ,௥௘௔௖௧௘ௗ ܳுమ,௅ு௏ (27)
INTERNATIONAL CONFERENCE ON SUSTAINABLE MOBILITY 2010 
1st - 3rd December 2010 
Kuala Lumpur, Malaysia 
4 
 
The sensible enthalpy change for the flow is given 
by  
∆ܪሶ௦௘௡௦ ൌ ൫ ሶ݉ ுమ,௜௡ܥ௣,ுమ ൅ ሶ݉ ுమை,௔௡,௜௡ܥ௣, ுమைሺ௩ሻ൯ 
                                ൈ ൫ ௔ܶ௡,௜௡ െ ଴ܶ൯
൅ ൫ ሶ݉ ைమ,௜௡ܥ௣,ைమ ൅ ሶ݉ ேమ,௜௡ܥ௣,ேమ
൅ ሶ݉ ுమை,௖௔,௜௡ܥ௣, ுమைሺ௩ሻሻ ൫ ௖ܶ௔,௜௡ െ ଴ܶ൯               
െ ൫ ሶ݉ ுమ,௢௨௧ܥ௣,ுమ ൅  ሶ݉ ுమை,௔௡,௢௨௧ܥ௣, ுమைሺ௩ሻ          ൅ ሶ݉ ைమ,௢௨௧ܥ௣,ைమ ൅ ሶ݉ ேమ,௢௨௧ܥ௣,ேమ ൅ ሶ݉ ுమைሺ௩ሻ,௖௔,௢௨௧ܥ௣, ுమைሺ௩ሻ
൅ ሶ݉ ுమைሺ௟ሻ,௖௔,௢௨௧ܥ௣, ுమைሺ௟ሻሻ ሺܶ െ ଴ܶሻ 
(28)
 
where T is the stack temperature, T0 is the 
reference temperature (273 K), Tan,in is the anode 
inlet temperature, Tca,in, is the cathode inlet 
temperature. 
 
The heat transfer is the summation of natural 
convection ( ሶܳ ௡௖), radiation ( ሶܳ ௥௔ௗ), and cooling 
( ሶܳ ௖௢௢௟) as 
ሶܳ ு் ൌ ሶܳ௡௖ ൅ ሶܳ௥௔ௗ ൅ ሶܳ௖௢௢௟ (29)
where 
ሶܳ ௡௖ ൌ ሺ݄௡௖,௏ܣ௡௖,௏ ൅ ݄௡௖,ுܣ௡௖,ுሻሺܶ െ ௔ܶ௠௕ሻ (30)
 
݄௡௖,௏ ൌ ܰݑுೞ೟ ݇/ܪ௦௧ (31)
 
hncV and hnc,H are the natural convection heat 
transfer coefficients for vertical and horizontal 
plates, respectively and Tamb is the ambient 
temperature. Nusselt number (ܰݑுೞ೟) for a 
vertical plate is given by  
 
ܰݑுೞ೟ ൌ ൦
0.825 ൅ 0.387 ܴܽுೞ೟
భ
ల
ሺ 1 ൅ ሺ0.492/ܲݎሻ଴.ହ଺ଶହሻ ఴమళ
൪
ଶ
 (32)
 
where Ra is Rayleigh number and Pr is the 
Prandtl number.  
 
Similarly the heat transfer coefficient for 
horizontal plate is obtained as [9] 
 
݄௡௖,ு ൌ ܰݑ௅ ݇/ܮ (33)
where 
ܰݑ௅ ൌ 0.54 ܴܽଵ/ସ (34)
 
The reference length (L) for this relation is 
calculated as ܮ ൌ ܣ௦௧,ு/ ௦ܲ௧,ு where Ast,H is the 
horizontal area of the stack and P is the perimeter.  
 
The radiation heat transfer rate is determined by 
ሶܳ ௥௔ௗ ൌ ߝ ߪ ܣ௥௔ௗሺܶସ െ ௔ܶ௠௕ସ ሻ (35)
 
The cooling heat transfer rate is determined from 
the change in coolant temperature as  
 ሶܳ ௖௢௢௟ ൌ ሶ݉ ௖௟௧ܥ௣,௖௟௧ሺ ௖ܶ௟௧,௢௨௧ െ ௖ܶ௟௧,௜௡ሻ (36)
The outlet coolant temperature is given by 
௖ܶ௟௧,௢௨௧ ൌ ܶ െ ൫ܶ െ ௖ܶ௟௧,௜௡൯  
ൈ ݁ݔ݌ሺ െ ݄௙௖ܣ௖௟௧ሶ݉ ௖௟௧ܥ௣,௖௟௧ሻ 
(37)
where 
ܣ௖௟௧ ൌ ݊௙௖ ݊௖௟௧ ௖௡௟௦ ௖ܲ௟௧ ௖௡௟ܮ௖௟௧ ௖௡௟ (38)
 
݄௙௖ ൌ ܰݑ஽ಹ ݇/ܦு (39)
where DH is the hydraulic diameter, and Nusselt 
number is determined from [9] 
ܰݑ஽ಹ ൌ ൞
3.66 ܴ݁ ൑ 2300
௙
଼ ሺܴ݁ െ 1000ሻܲݎ
ሺ1 ൅ 12.7 ඥ݂/8 ሺܲݎଶ/ଷ െ 1ሻሻ ܴ݁ ൐ 2300
 (40)
where Re is Reynolds number and  f  is the 
friction factor given by 
݂ ൌ 1ሺ0.79 logሺ ܴ݁ሻ െ 1.64ሻଶ (41)
 
RESULTS 
 
The simulated fuel cell data is listed in Table 1. It   
is Ballard Mark 902 fuel cell used for 
transportation applications. Max current is 300 
with max power of 85 kW.  Max operating 
temperature is 85°C and operating pressure is 1 to 
3 bar. Two simulation runs were performed, 
namely, the rated power case and a start up-shut 
down cycle with multi-current steps to simulate a 
real drive cycle.    
Partial pressures of anode and cathode 
species are shown in Figs. 1 &2.  At the 
beginning, Pressure starts building up very fast in 
cathode channel, then, it increases at a smaller 
rate until it reaches steady state at 300 s. The 
anode pressure builds up at a slow rate and it 
reaches steady state at 300 s. The nozzle constants 
are calibrated such that the pressure at both 
cathode and anode pressures are near to the limit 
of the operational range of the fuel cell (3 bar) and 
the difference between cathode and anode 
pressure is small, which is required to protect the 
membrane.  Although, the inlet hydrogen is 100% 
humidified, the relative humidity in the anode 
channel does not exceed 82%. This is due to water 
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transport from anode to cathode channel. Cathode 
relative humidity reaches one very fast and it 
remains at that value. This indicates that the 
membrane hydration level is satisfactory.  
Table 1. Simulation Parameters  
parameter   value 
Stack  
nfc 381 
Afc    [cm2] 280 
Lst   [m] 0.805 
Wst  [m] 0.375 
Hst  [m] 0.25 
mst   [kg] 96 
Cp,st  [kJ/kg K] 1.1 
Anode  
Van  [ m3 ] 0.005 
pan,in   [bar] 1.01325 
φan 1 
λH2 1.01 
ܿ௡௭௟,௔௡ 4.5×10-9 
Cathode  
Vca  [ m3 ] 0.01 
Pca,in   [bar] 1.01325 
φca 0.7 
λO2 2 
ܿ௡௭௟,௖௔ 1×10-5 
Membrane  
tm     [cm] 0.01275 
ρm    [kg/cm3] 0.002 
Mm  [kg/mol] 1.1 
Coolant  
Tclt,in   [K] 300 
௖ܸ௡௟   [mm/s] 2.6 
Coolant Channel 
cross section[mm] 3×3 
nclt cnls 20 
Ambient  
Tamb   [K] 288 
pamb   [bar] 1.01325 
ρamb  [kg/m3] 1.2204 
 
Fig. 1. Anode species partial pressures 
 
Fig. 2. Cathode species partial pressures 
Figs. 3&4 demonstrate the mass change 
inside anode and cathode respectively.  Steady 
state is reached at 300 s, which is compatible with 
pressure results. Since excess ratios for hydrogen 
and oxygen are greater than one, both gases build 
up their masses inside the anode and cathode 
volume. 
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Fig. 3. Anode species masses 
 
 
Fig. 4. Cathode species masses 
Looking  at temperature transient 
behavior at Fig. 5, it is realized that the fluid 
transient behavior follows the thermal transient. 
The steady state power (84.6 kW) and 
temperature (85.7°C) are in agreement with the 
published data of the simulated fuel cell. Stack 
voltage and current are shown in Fig. 6. Steady 
state stack voltage is 282 corresponding to a 
single cell voltage of  0.74 V. 
 
The results of the second case that 
simulates the dynamic performance during start 
up-shut down cycle are shown in Figs. 7-12. For 
this case, the inlet hydrogen and oxygen flows are 
varied according to the load current, i.e., we 
assume that there is a control algorithm that 
adjusts hydrogen and oxygen flows based on the 
load current. The load current changes in a multi-
step (0-100-200-300-200-100-0).  After each step 
there is a transient followed by steady state. 
Comparing Fig. 7 and Fig. 8, The difference 
between anode and cathode  pressures remains 
small. Since, hydrogen and oxygen remains inside 
the fuel cell when it is shut down, the final voltage 
is different from the start voltage as shown in Fig. 
12. The power obtained at 100 A is 33 kW, while 
the power at 200 A is  60 kW. No published data 
is available for such load currents. 
 
Fig. 5. Stack power and temperature 
 
Fig. 6. Stack voltage and current 
 
 
Fig. 7. Anode species partial pressures for start up-shut 
down cycle 
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Fig. 8. Cathode species partial pressures for start up-
shut down cycle 
 
Fig. 9. Anode species masses for start up-shut down 
cycle 
 
Fig. 10. Cathode species masses for start up-shut down 
cycle 
 
 
Fig. 11. Stack power and temperature for start up-shut 
down cycle 
 
Fig. 12. Stack voltage and temperature for start up-shut 
down cycle 
 
SUMMARY/CONCLUSIONS 
A transient mathematical model for PEM fuel 
cells has been developed. The model incorporates 
fluid flow, heat transfer, and empirical voltage 
modeling. Explicit heat transfer formulae are used 
to determine the heat transfer coefficients and the 
cooling rate. The model is capable of predicting 
both steady state and unsteady performance of the 
fuel cell. The model was successfully tested by 
predicting the performance of an automotive fuel 
cell with 85 kw maximum power. For future 
studies, the model will be used to control the fuel 
cell. 
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DEFINITIONS/ABBREVIATIONS 
Symbols  
A area 
Afc active fuel cell area 
cnzl nozzle constant 
Cp specific heat constant 
Cv concentration 
ΔΗ enthalpy change 
Dw water diffusion coefficient 
E open-circuit voltage 
f Friction factor 
F Faraday constant 
Hst stack height 
I current 
k conductivity 
L length 
ሶ݉ mass flow rate 
M molecular weight 
nd electro-osmotic drag coefficient 
nfc number of fuel cells 
Nu Nusselt number 
p pressure 
P power or perimeter 
Pr Prandtl number 
ሶܳ heat transfer rate 
Ra Rayleigh number 
Re Reynolds number 
t time 
tmem membrane thickness 
T temperature 
T0 reference temperature (273 K) 
V voltage 
x mass fraction 
Greek Symbols 
γ specific heat ratio 
Ω humidity ratio 
φ relative humidity 
σ Stefan-Boltzman constant 
ε emissivity 
λ excess ratio 
Superscripts and subscripts 
act activation 
amb ambient 
an anode 
ca cathode 
clt coolant 
cnl channels 
cool cooling 
e electrical 
fc fuel cell or forced convection 
gen generated 
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HT heat transfer 
l liquid 
LHV lower heating value 
mem membrane 
ν vapor 
nc natural convection 
ohm ohmic 
rad radiation 
reac reaction 
sens sensible 
st stack 
 
APPENDIX  
 ANODE 
Water vapor partial pressure is obtained from the 
ideal gas equation as 
 ݌ுమைሺ௩ሻ ൌ ݉ுమைሺ௩ሻ ܴுమை ܶ/ ௔ܸ௡ (A.1)
The relative humidity is calculated from 
 ߶௔௡ ൌ ݉݅݊ ሺ݌ுమைሺ௩ሻ/݌௦௔௧, 1ሻ (A.2)
Anode species partial pressures and total pressure 
are determined as  
 ݌ுమைሺ௩ሻ ൌ ߶௔௡ ݌௦௔௧ 
݌ுమ ൌ ݉ுమ ܴுమ ܶ/ ௔ܸ௡ ݌௔௡ ൌ ݌ுమ ൅ ݌ுమைሺ௩ሻ 
(A.3)
Anode humidity ratio is calculated as 
 ߗ௔௡ ൌ ܯுమை ݌ுమைሺ௩ሻ/ ሺܯுమ ݌ுమሻ (A.4)
 
CATHODE 
Water vapor partial pressure is obtained from the 
ideal gas equation as 
 ݌ுమைሺ௩ሻ ൌ ݉ுమைሺ௩ሻ ܴுమை ܶ/ ௖ܸ௔ (A.5)
The relative humidity is calculated from 
 ߶௖௔ ൌ min ሺ݌ுమைሺ௩ሻ/݌௦௔௧, 1ሻ (A.6)
Cathode species partial pressures and total 
pressure are determined as 
݌ுమைሺ௩ሻ ൌ ߶௖௔ ݌௦௔௧  ݌ைమ ൌ ݉ைమ ܴைమܶ/ ௖ܸ௔       ݌ேమ ൌ ݉ேమ ܴேమ ܶ/ ௖ܸ௔ ݌௖௔ ൌ ݌ைమ ൅ ݌ேమ ൅ ݌ுమைሺ௩ሻ 
(A.7)
 
Humidity ratio and mass fractions are obtained as 
follows: 
 
 pୟ୧୰,ୢ୰୷ ൌ pୡୟ െ pHమOሺ୴ሻ (A.8)
 
 ߗ௖௔ ൌ ܯுమை ݌ுమைሺ௩ሻ/ ሺܯ௔௜௥ ݌௔௜௥,ௗ௥௬ሻ (A.9)
 
 ݉௔௜௥,ௗ௥௬ ൌ ݉ைమ ൅ ݉ேమ (A.10)
 
 ݔைమ ൌ ݉ைమ/݉௔௜௥,ௗ௥௬ (A.11)
 
 ݔேమ ൌ ݉ேమ/݉௔௜௥,ௗ௥௬ (A.12)
 
MEMBRANE 
 
ሶ݉ ுమை,௠ ൌ ܯுమை ܣ௙௖݊௙௖ ൬
݊ௗ݅ௗ
ܨ  – ܦ௪
ܥ௩,௖௔ െ ܥ௩,௔௡
ݐ௠ ൰ (A.13)
 
 ܦ௪ ൌ ܦఒ݁ݔ݌ ሺ2416ሺ
1
303 െ
1
ܶሻ (A.14)
 
ܦఒ ൌ
ۖە
۔
ۖۓ 10ି଺      ߣ௠ ൏ 2
10ି଺ሺ1 ൅ 2ሺߣ௠ െ 2ሻሻ      2 ൑ ߣ௠ ൏ 3
10ି଺ሺ3 െ 1.67ሺߣ௠ െ 3ሻሻ 3 ൑ ߣ௠ ൏ 4.5
1.25 ൈ 10ି଺ ߣ௠ ൒ 4.5
 (A.15)
 
 ߣ௠ ൌ
ߣଵ ൅ ߣଶ
2  (A.16)
 
For ݅ א ሾܽ݊, ܿܽሿ 
 
ߣ௜ ൌ ቐ
0.043 ൅ 17.81 ܽ௜ െ 39.85 ܽ௜ଶ ൅ 36 ܽ௜ଷ
                0 ൏ ܽ௜  ൑ 1
14 ൅ 1.4ሺܽ௜ െ 1ሻ                  1 ൏ ܽ௜  ൑ 3
 
 
(A.17)
 
The water content of the membrane is λan 
 
݊ௗ ൌ 0.0029 ߣ௔௡ଶ ൅ 0.05ߣ௔௡ െ 3.4 ൈ 10ିଵଽ (A.18)
 
ܥ௩,௜ ൌ ߩ௠ߣ௜/ܯ௠ (A.19)
 
VOLTAGE 
 
Voltage for one cell is written as 
 ܸ ൌ ܧ െ ௔ܸ௖௧ െ ௢ܸ௛௠ െ ௖ܸ௢௡௖ (A.20)
where 
ܧ ൌ 1.229 െ 8.5 ൈ 10ିସ ሺ ܶ –  298.15ሻ 
൅ 4.3085 ൈ 10ିହ ܶ ሾ ݈݋݃൫݌ுమ൯
൅ .5 ݈݋݃൫݌ைమ൯ ሿ 
(A.21)
 
 
Vୟୡ୲ ൌ 0.9514 ൅ T ሾെ0.00312 െ 7.4          
ൈ 10ିହ log൫ܥைమ൯ ൅ 0.000187 logሺ݅ௗሻሿ 
(A.22)
 
 ௢ܸ௛௠ ൌ ݅ௗܴ௠ݐ௠ (A.24)
 
COమ ൌ pOమ/ ሺ5.08 ൈ 10଺ expሺെ498/Tሻሻ (A.23)
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 ݅ௗ ൌ
ܫ௦௧
݊௙௖ (A.25)
 
ܴ௠ ൌ  181.6 ሾ 1 ൅ 0.03 ݅ௗ ൅  0.062 ൬
ܶ
303൰
ଶ
݅ௗଶ.ହ ሿ 
/ ሾ ሺ14 െ 0.634 –  3 ݅ௗሻ ݁ݔ݌ ൬4.18
ܶ െ 303
ܶ ൰ሿ 
(A.26)
 
 ௖ܸ௢௡௖ ൌ ݅ௗሺ
ܿଶ݅ௗ
2.2 ሻ
ଶ (A.27)
 
݌  ൌ ݌ைమ0.1173    ൅ ݌௦௔௧        
 
ܿ2 ൌ ሺ7.16 ൈ 10ିସ ܶ െ 0.622ሻ  ݌ 
         ൅ ሺെ1.45 ൈ 10ିଷ ܶ ൅ 1.68ሻ       ݂݅ ݌ ൏ 2 
 
ܿ2 ൌ ሺ8.66 ൈ 10ିହܶ െ 0.068ሻ ݌ 
          ൅ ሺെ1.6 ൈ 10ିସ ܶ ൅ 0.54ሻ        ݂݅ ݌ ൐ 2
(A.28)
 
 
